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Abstract
By 1nding an invertible basic directed terrace (i.b.d.t.) for the non-abelian group of order 21,
we give the 1rst example of a bipartite tournament of odd order which is balanced with respect
to carry-over e#ects for both teams. We report that no non-abelian group of order less than 16
has an i.b.d.t. and present an example of an i.b.d.t. for each non-abelian group of order between
16 and 20 inclusive. We also construct an i.b.d.t. for one of the non-abelian groups of order 42.
c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
In [4] Anderson and Bailey consider a bipartite tournament of order n between two
teams S = {x1; : : : ; xn} and T = {y1; : : : ; yn} where each player has to compete against
each of the n players in the opposing team. The games have to be arranged in n
rounds, each of n games, with each player playing in each round. Bipartite tournaments
of order n are equivalent to latin squares of order n. This correspondence may be set
up in several ways but we will construct a latin square A whose (i; j)th entry is k if
and only if xi plays yk in round j. Notice that with this construction the ith row of A
contains the opponents of xi in the order played.
A bipartite tournament of order n is balanced with respect to carry-over eects
for team S if for each ordered pair (k; l) with k = l there is precisely one xi, who
plays yl immediately after playing yk ; balance for team T is de1ned similarly. Hwang
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[8] 1rst observed that the requirement of balance for team S is equivalent to the
requirement that A is row-complete (i.e. the n(n− 1) ordered pairs (aij; ai; j+1) are all
distinct). Anderson and Bailey observed that balance for team T is equivalent to the
requirement that A(13) is row complete, where A(13) is the conjugate of A obtained by
interchanging the roles of rows and symbols (i.e. if the (i; j)th entry of A is k, then
the (k; j)th entry of A(13) is i). In the sequel, when we say that a bipartite tournament
is balanced we will mean that it is balanced with respect to carry-over e#ects for both
teams. More detailed discussions of this and related problems may be found in [3,2,
Chapter 8].
Using latin squares obtained by permuting the columns of the Cayley tables of cyclic
groups of even order, Anderson and Bailey were able to construct balanced bipartite
tournaments of order n for all even values of n. The main result of this paper is the
construction of a balanced bipartite tournament of order 21. As far as the authors are
aware this is the 1rst example of odd order.
2. Denitions and examples
A 1nite group (G; ·) of order n is sequenceable if its elements can be arranged
in a sequence e = a1; a2; : : : ; an in such a way that the partial products b1 = a1; b2 =
a1a2; : : : ; bn = a1a2 · · · an are distinct. The sequence a1; a2; : : : ; an is called a sequencing
for (G; ·) and b1; b2; : : : ; bn is called a (basic) directed terrace.
Let L be the Cayley table of (G; ·). Given a permutation  of G, we de1ne L to be
the latin square obtained from L by permuting its columns according to . For example,
0; 3; 2; 1 is a sequencing for the cyclic group of addition modulo 4. The corresponding
directed terrace is 0; 3; 1; 2; and using this to de1ne the permutation
=
(
0 1 2 3





0 3 1 2
1 0 2 3
2 1 3 0
3 2 0 1
and (L)(13) =
0 1 3 2;
1 2 0 3;
2 3 1 0;
3 0 2 1:
Notice that both L and (L)(13) are row complete. In [7] Gordon showed that the
Cayley table of a 1nite group may be written in the form of a row-complete latin
square if and only if the group is sequenceable and that this may be achieved by
permuting its columns according to the permutation of G de1ned by the corresponding
directed terrace. Anderson and Bailey showed that (L)(13) is row-complete if and only
if L : x → [(x)]−1 de1nes a directed terrace. In the above example
L=
(
0 1 2 3
0 1 3 2
)
:
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We will say that a directed terrace b1; b2; : : : ; bn is invertible if b−11 ; b
−1
2 ; : : : ; b
−1
n is also
a directed terrace for (G; ·). By the preceding discussion, it follows that a suMcient
condition for the existence of a balanced bipartite tournament of order n is that there
exists a 1nite group (G; ·) of order n which has an invertible directed terrace.
The following result appears in [4].
Lemma 1. A directed terrace for an abelian group is necessarily invertible.
Proof: Let B = b1; b2; : : : ; bn be a directed terrace for an abelian group (G; ·) (and so
the elements b−1i bi+1; 16i¡n are distinct). B is invertible if and only if the elements
bib−1i+1; 16i¡n are distinct, but since (G; ·) is abelian these are just the inverses of
the elements b−1i bi+1.
In [7] Gordon proved that a 1nite abelian group (G; ·) is sequenceable if and only if
it has a unique element of order 2. It follows that |G| must be even and, in particular,
any cyclic group of even order is sequenceable. Using Lemma 1, Anderson and Bailey
were then able to construct balanced bipartite tournaments of any even order but were
unable to 1nd any examples of odd order.
We now consider non-abelian groups. The following concept, introduced by Fried-
lander [6], leads to a necessary condition for invertible directed terraces.
Denition 2. Let (G; ·) be a 1nite group of order n= rs containing a normal subgroup
H of order r. Then 1; : : : ; rs; i ∈ G=H; is a quotient sequencing of G with respect to
H if each element of G=H occurs s times in the sequence and s times in the sequence
of partial products 1 = 1; 2 = 12; : : : ; rs = 12 · · · rs.
We will call the sequence 1; 2; : : : ; rs a quotient directed terrace (q.d.t.) of G
and say that such a terrace is invertible if −11 ; 
−1
2 ; : : : ; 
−1
rs is also a q.d.t. for (G; ·).
Clearly, a necessary condition for b1; : : : ; bn to be an invertible directed terrace for
(G; ·) is that for any normal subgroup H , (b1); : : : ; (bn) is an invertible q.d.t. with
respect to H , where  :G → G=H is the natural homomorphism. Our approach was to
use a computer to 1rst generate a q.d.t. B of (G; ·) with respect to G′ (the derived
or commutator subgroup of G) and then to determine whether there exists a directed
terrace for G whose image under  is B. We note that since G=G′ is abelian an easy
extension of Lemma 1 leads to the conclusion that all q.d.t.’s of G with respect to G′
are invertible.
3. Results
The smallest non-abelian group of odd order has order 21. The 1rst sequencings
for this group were found in 1968 by Mendelsohn [10], and independently by DOenes
and TPorPok [5]. Later Keedwell [9] found an example for which the corresponding
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directed terrace has a particularly simple form. If we denote and present this group by
G21 = 〈a; b : a7 = e; b3 = e; ab= ba4〉, then Keedwell’s directed terrace is
e; a2; a; a5; a3; a4; b2a; ba5; b2a3; ba; b2a2; ba3; b2a6; ba2; b2a4; ba6; b2a5; ba4; b; b2; a6:
The derived subgroup of G21 is the cyclic subgroup of order 7 generated by a; hence,






respectively, we see that Keedwell’s q.d.t. is
0; 0; 0; 0; 0; 0; 2; 1; 2; 1; 2; 1; 2; 1; 2; 1; 2; 1; 1; 2; 0:
A particular feature of this q.d.t. is that it begins with a run of six 0’s. It is natural
to ask whether there exists an invertible directed terrace of this type. That no such
invertible directed terrace exists is a consequence of the following result.
Theorem 3. Let B = b1; b2; : : : ; b21 be an invertible directed terrace for G21 and
 = 1; 2; : : : ; 21 be the corresponding q.d.t. with respect to G′21. Then the num-
ber of pairs of adjacent 1’s in  is congruent modulo 3 to the number of pairs of
adjacent 2’s in .
Proof: Let A = a1; : : : ; a21 be the corresponding sequencing of G21 (i.e. a1 = e and
ai = b−1i−1bi; 1¡i621). For i¿ 1 we have that ai ∈ G′21 if and only if bi−1 and bi
lie in the same coset of G′21 (i.e. i−1 = i). We use the sequencing A to partition
G′21 \{e} into S0={ax1 ; : : : ; axr}; S1={ay1 ; : : : ; ays}; S2={az1 ; : : : ; azt} where ai ∈ Sj ⇔
i−1 = i = j. (In this notation, the q.d.t.  contains r pairs of adjacent 0’s, s pairs of
adjacent 1’s and t pairs of adjacent 2’s.) Now, let LA = La1; : : : ; La21 be the sequencing
de1ned by the directed terrace b−11 ; : : : ; b
−1
21 . Then La1 = e and Lai = bi−1b
−1
i . It follows
that if i−1 =i=0, then Lai= a−1i , if i−1 =i=1, then Lai= a
−2
i , and if i−1 =i=2,
then Lai = a−4i . (For example, if bi−1 = ba
y1 and bi = bay2 , then b−1i−1bi = a
y2−y1 and
bi−1b−1i = a
5(y2−y1) = a−2(y2−y1).) We now have that
Z7\{0}= {x1; : : : ; xr ; y1; : : : ; ys; z1; : : : ; zt}
= {−x1; : : : ;−xr;−2y1; : : : ;−2ys;−4z1; : : : ;−4zt}
and, hence,
{y1; : : : ; ys; z1; : : : ; zt}= {2y1; : : : ; 2ys; 4z1; : : : ; 4zt}:
We now take an element yk ; 16k6s and consider the equations yk =  1; !1 =  2; : : : ;
!m−1 = 2yk , where for i = 1; : : : ; m− 1,
!i =
{
yg if  i = 2yg; 16g6s;
zh if  i = 4zh; 16h6t:
These equations together imply that yk ≡ 2m14m2yk (mod 7) (where m1 + m2 = m)
and hence m1 ≡ m2 (mod 3). Since we reach the same conclusion on considering an
element zl; 16l6t we end up with a number of congruences m1 ≡ m2 (mod 3); n1 ≡
n2 (mod 3); : : : ; with m1+n1+ · · ·=s and m2+n2+ · · ·= t. It follows that s ≡ t (mod 3)
as required.
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Returning to Keedwell’s q.d.t., we observe that it contains one pair of adjacent 1’s
and no adjacent 2’s; it therefore fails the necessary conditions for being the q.d.t. for
an invertible directed terrace.
Theorem 3 is important from a computational viewpoint. G21 has 4,556,966 q.d.t.’s
but when searching for invertible directed terraces approximately two-thirds of these
may be eliminated. We simpli1ed the search further by using automorphisms of G21.
Since G21 is generated by any non-identity element in G′21 together with any one
of its elements not in G′21, we searched for invertible directed terraces whose 1rst
non-identity element from G′21 is a and whose 1rst element not from G
′
21 is b. After
approximately 1h of computing time on a 400 mHz PC the 14,137th q.d.t. checked
yielded the invertible directed terrace B exhibited below. For ease of checking, we
also present the corresponding sequencing A, the inverted directed terrace LB and its
corresponding sequencing LA.
A : e; a; a5; ab; a2; a4b2; a5b2; b2; a3; b; a4; a6; a2b2; ab2; a2b; a4b; a6b; a6b2; a3b2; a3b; a5b
B : e; a; a6; b; a4b; a5; a3b2; a3b; a2b; a2b2; a4b2; b2; ab; a3; a5b; a6b2; a2; ab2; a6b; a5b2; a4
LA : e; a6; a2; a6b2; a3; ab; a6b; a4b; a; ab2; a5; a4; a5b; a2b; a4b2; a2b2; a5b2; b; a3b; b2; a3b2
LB : e; a6; a; b2; a5b2; a2; ab; a2b2; a6b2; a3b; a6b; b; a3b2; a4; ab2; a2b; a5; a5b; a4b2; a4b; a3
Using this result we obtain the latin square shown in Fig. 1.
In [1] Bruce Anderson showed that if G is a sequenceable group of odd order, then
G × Z2 is sequenceable. Applying his construction to G21, we obtained an invertible
directed terrace of G21 × Z2 (displayed below). Further details of this construction are
contained in [11].
(e; 0); (a; 0); (a6; 1); (b; 0); (a4b; 0); (a5; 0); (a3b2; 0); (a3b; 0); (a2b; 1); (a2b2; 0); (a4b2; 0);
(b2; 1); (ab; 1); (a3; 1); (a5b; 0); (a6b2; 1); (a2; 0); (ab2; 0); (a6b; 0); (a5b2; 1); (a4; 0), (a4; 1);
(a5b2; 0); (a6b; 1); (ab2; 1); (a2; 1); (a6b2; 0); (a5b; 1); (a3; 0); (ab; 0); (b2; 0); (a4b2; 1);
(a2b2; 1); (a2b; 0); (a3b; 1); (a3b2; 1); (a5; 1); (a4b; 1); (b; 1); (a6; 0); (a; 1); (e; 1).
Computer searches have also been used to show that whilst no non-abelian group of
order less than 16 has an invertible directed terrace all of the non-abelian groups of
order n; 166n620, do. An example of an invertible directed terrace for each of these
groups is given below, the labelling of groups is taken from [12]
G16=6 = 〈a; b; c : a4 = b2 = c2 = e; ab= ba−1; ac = ca; bc = cb〉
e; a; a3; b; c; ab; a2c; ac; abc; a3c; a2bc; a3b; a3bc; a2b; bc; a2:
G16=7 = 〈a; b; c : a4 = e; b2 = a2; c2 = e; ab= ba−1; ac = ca; bc = cb〉
e; a; a3; b; c; ab; abc; a3c; a2bc; a3b; a2c; ac; a3bc; a2b; bc; a2:
G16=8 = 〈a; b; c : a4 = b2 = c2 = e; ab= ba; ac = ca; bc = ca2b〉
e; b; ab; a3; c; a2b; bc; ac; a3c; a3b; a3bc; a2c; a; a2bc; abc; a2:
G16=9 = 〈a; b; c : a4 = b2 = c2 = e; ab= ba; ac = ca3b; bc = cb〉
e; a; a3; c; b; ac; a2bc; abc; a2; ab; a3c; a3bc; a3b; a2c; bc; a2b:
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Fig. 1. A row-complete latin square A of order 21 for which A(13) is also row-complete.
G16=10 = 〈a; b : a4 = b4 = e; ab= ba−1〉
e; a; a3; b; b2; ab; a3b3; a3b2; a2b3; a2b; ab3; a2b2; ab2; a3b; b3; a2:
G16=11 = 〈a; b : a8 = b2 = e; ab= ba5〉
e; a; a3; b; a5; a3b; a2b; a6; a6b; a4b; a7b; a2; a7; ab; a5b; a4:
G16=12 = 〈a; b : a8 = e; b2 = e; ab= ba−1〉
e; a; a5; b; a7; a6; a2b; a5b; a3b; a3; ab; a2; a7b; a4b; a6b; a4:
G16=13 = 〈a; b : a8 = b2 = e; ab= ba3〉
e; a; a5; b; a7; a2; ab; a3; a7b; a5b; a2b; a4b; a3b; a6; a6b; a4:
G16=14 = 〈a; b : a8 = e; b2 = a4; ab= ba−1〉:
e; a; a5; b; a3; a2; a2b; a4b; ab; a7b; a6; a5b; a7; a3b; a6b; a4:
G18=3 = 〈a; b; c : a3 = b2 = c3 = e; ab= ba−1; ac = ca; bc = cb〉
e; a; b; a2; ac; ab; a2c; a2bc2; bc; a2c2; abc; abc2; c; ac2; c2; bc2; a2bc; a2b:
G18=4 = 〈a; b : a9 = e; b2 = e; ab= ba−1〉
e; a; a4; b; a2b; a3; a6b; a2; a8; a8b; a7; a4b; a6; a5; a7b; a3b; ab; a5b:
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G18=5 = 〈a; b; c : a3 = b3 = c2 = e; ab= ba; ac = ca−1; bc = cb−1〉
e; a; c; b; a2b; a2; a2bc; ab; ab2; ab2c; a2c; b2; ac; b2c; abc; a2b2; bc; a2b2c:
G20=3 = 〈a; b : a10 = e; b2 = e; ab= ba−1〉
e; a; a3; a2; b; a3b; a6; ab; a7b; a8; a2b; a6b; a5; a8b; a5b; a9; a7; a9b; a4b; a4:
G20=4 = 〈a; b : a10 = e; b2 = a5; ab= ba−1〉
e; a; a3; a2; b; a8; a2b; a6b; a6; a4; a4b; ab; a7b; a9; a5b; a8b; a3b; a7; a9b; a5:
G20=5 = 〈a; b : a5 = b4 = e; ab= ba3〉
e; a; a3; b; a2; a2b3; a4b2; a4; b2; ab3; a2b2; a4b3; a3b3; a2b; b3; ab; a4b; ab2;
a3b; a3b2:
4. Conclusion
We have shown that the smallest group-based solution to the problem of scheduling a
bipartite tournament of odd order which is balanced with respect to carry-over e#ects
for both teams requires teams of 21 players. It is an open problem as to whether
solutions exist which are not group based. We conjecture that such solutions do exist
but as there are no row-complete latin squares of order 3, 5 or 7 and a computer
search has shown that there are no such tournaments of order 9, the smallest order is at
least 11.
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